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@ Dilations of partial representations on sets, modules and algebras

© Dilations of partial representations on Hilbert spaces

© Dilations of certain interaction groups
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@ Representations of kp,(G) <— partial representations of G.

Q Representations of a partial crossed product <— covariant
representations of the corresponding partial system.

© Partial representations = partial actions.

@ Dilation of partial representations should be related with globalization
of partial actions.

@ Application of the existence of enveloping actions: if v: G — B(H) is
a partial representation of a discrete group G on a Hilbert space H,
there exist:

o a Hilbert space K which contains H as a Hilbert subspace,
o a unitary representation u: G — B(K),
e an orthogonal projection P : K — H,

such that v¢ = Pu|y, Vt € G.

@ |Interaction groups.
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Dilation of partial representations on sets, modules and

algebras

@ A partial action a on a commutative C*-algebra has an enveloping
action if and only if the graph of & is closed (FA, 2003).

@ Corollary: a partial action on a commutative and unital C*-algebra
has an enveloping action iff every ideal of the partial action is unital.

© A partial action on a unital algebra has an enveloping action iff every
ideal of the partial action is unital (Dokuchaev-Exel, 2005).

© Observation: in the proof of the latter result the authors dilate the
partial representation v : G — End,g(A) such that v¢(a) = a¢(al,-1).
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Definition

A partial homomorphism of a group G into a monoid S is a map
v: G — S such that

@ ve = lg, where e is the unit element of G.
@ V,V,—1Vs = V, V-1, Vr,s € G
0 Vi Ve-1Vs = Vjg-1Vs, Vr,s € G

When S = Endy(X), for certain object X in a category €, we say that v
is a partial representation of G on the object X.

A,

Proposition (Structure of a partial representation)

Let v : G — Endsets(X) be a partial representation, X, := v,(X),

Ty = VpV,-1, and a; : X,-1 — X, such that a,(x) = v,(x), Vr € G. Then:
Q@ 2=, n(X) = X,, and m,7s = wsm,, Vr,s € G.
Q v, =a,m-1, Vr eG.
Q a:=({X:},{ar}) is a partial action of G on X.

N
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Dilations of partial representations

Example (model)

Let Y be a set, u: G — Autses(Y) a representation of G on Y, and

Q: Y — Y such that Q*> = Q. Suppose in additon that Q,Qs = QsQ,,
Vr,s € G, where Q = u,Qu,—1. If X := Q(Y) and v : G — Endsess(X) is
given by vi := Qu¢|x. Then v is a partial representation of G on X.

Definition
Let € be a category. We define a category T .
Objects: (Y, u, Q) such that: Y € Ob(%), u: G — Autg(Y),
Q € Endy(Y) is such that Q%> = Q and @, Qs = QsQ;,
Vr,s e G.
Morphisms: ¢ : (Y,u, Q) — (Y, ', Q') is ¢ € Homy (Y, Y’) such that
our = upp and pQ = Q.

| N\
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Definition
Let € be one of the following categories: Sets, R-mod, or k-algebras. A

dilation of a partial representation v : G — Endy(X) is a pair (j, T) such
that:

O T=(Y,u, Q)€ ObTy)

@ j € Homy (X, Y) is injective, and Q(Y) = j(X). In the case of
k-algebras we also require that j(X) is an ideal of Y.

Q jvi = Quij, Vt € G.
The dilation is called minimal when Y is generated by | J,c s u:(j(X)).

In k-algebras, the condition j(X) <Y implies v¢(X) < X, Vt.

Proposition

If (j,(Y,u,Q)) is a dilation of a partial representation v = wa, then

J
a = u|j(X). If the dilation is minimal, u is a minimal globalization of «.
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Proof.
If x € X;-1, then

jar(x) = Quej(x) = QQrurj(x) = Qe Quej(x) € ur(j(X)) Nj(X).
Now if j(y) = uej(2) € j(X) N uej(X):
y=w(z) and  j(z) = Qi(z) = Qui1j(y) = jvei-1(y)

It follows y = ae(2), j(Xt) = ue(j(X)) NJ(X) and j(ae(2)) = uej(2). 0

Theorem

Any partial representation v : G — Endsets(X) admits a dilation. If the
dilation D = (j, T) is minimal, then for any other dilation D' = (j', T')
there exists a unique morphism ¢ : D — D'. In particular any two minimal
dilations of v are isomorphic.

v
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Proof.

o X ={y:G— X}

o p: G xX — X such that p(y)(s) := y(st).

° j: X=X j(X)(t) = we(x), and Y = U,ec pe(i(X)).

e Q:YY: Q(y) :=j(y(e)), and us = p¢|y.

o j(Xt) = j(X) N u(j(X))

0 uj(x) = jar(x), Vx € Xi-1 and t € G.

o QQ:(y)ls = vsve(y(t™1)) and Q:Q(y)ls = vsrve-1(y(e))-

o QQ:(urj(x))ls = vsvevi-1,(x) and Qe Q(urj(x))ls = vstve-1vr(x).
Then:

° QQ:=Q@:QonY

o Quej = j(ue(j(x))(e)) = j((x)(t)) = j(ve(x)) = jwe(x)
The existence and uniqueness of the map ¢ follows from the universal
property of the enveloping action. Finally:

QISOUtj = Q/UQSOJ. = /U/tj/ :j/Vt = pjve = pQuyj
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Dilations of partial representations on modules

Theorem

Any partial representation v : G — Endgr(M) admits a minimal dilation
(J, (N, u, Q)) which is faithful, i.e.: Qui(n) =0Vt e G impliesn=0. In
this case u|j(p) = o, where « is the partial action associated with v.
Moreover, if D is a faithful and minimal dilation of v and

D' = (', (N, ', Q")) is another dilation of v, there exists a unique
morphism ¢ : D' — D such that ¢/ = j.

In particular any two minimal and faithful dilations of v are isomorphic.

v
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Proof.
o M = {y: G — M} with its natural structure of R-module.
o p: G xM — M such that p:(y)(s) := y(st).
o j:M—=M:  j(m)(t):= vi(m), and N = span,.¢ p:(j(M)).
e Q:N—=N: Q(m) :=j(m(e)), and ur = pe|n.
Then:

o Quij = jvi, Vt € G, and a = ulj(p); therefore (j, u, N) is a minimal
globalization of « in the category of R-modules.

o (j, (N, u,Q)) is faithful because Qp:(y) = j(y(t)).
If D" = (j/,(N', v/, Q")) is another dilation of v, and Y, ¢ uij’(m¢) = 0:

0= Qui(d_ utj'(me)) =Y j'(vee(me)) = J' (D vie(me)),Vr € G.

teG teG teG
Then: 0 = j(3 e vie(me)) = Qur(X_ e ueli(me))), vr.
Define ¢ : N’ — N such that ¢(3, uyj/(m})) :== >, urj(my). O
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Dilations of partial representations on algebras

Theorem

Let v : G — Endi_,5(A) be a partial representation such that v¢(A) < A,
Vt € G. Then v admits a minimal dilation (j, T') which is faithful (again:
Qui(b) = 0 Vt € G implies b= 0) and such that ulja) = a, where a is
the partial action associated with v.

Moreover, if D = (j, T) is a faithful and minimal dilation of v and

D' = (j', T') is another dilation of v, there exists a unique morphism

o : T'— T such that ¢/ = .

In particular any two minimal and faithful dilations of v are isomorphic.

v
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o Consider again: A = {y : G — A} with its natural structure of
k-algebra; p: G x A — A such that p(y)(s) := y(st); j : A — A:
J(a)(t) == we(a).

o Define B := (p:(j(A)) : t € G), Q: B — B: Q(b) := j(b(e)), and
uy = Pt’B-

o We have j(A) < B and B = span,c¢ ptj(A):

Ut(a)j(a,)|s = VsVs—l(Vst(a)Vs(a/)) = Vs(Vt(a)a/) :j(Vt(a)a/)’s

J(@)urj(d)]s = vsvs1(vs(a)var(d) = vs(ave(a)) = j(ave(a))ls

As in the case of partial representations on modules, (j, (B, u, Q)) is a
faithful and minimal dilation of v, a = ul;(a); (J, u, B) is a minimal
globalization of « in the category of k-algebras, and if

= (', (B’ v, Q")) is another dilation of v, the map ¢ : T" — T such
that o>, ut ( ¢)) := >, utj(ar) is a homomorphism that satisfies
wf =] O

v
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Dilations of partial representations on Hilbert spaces

Recall:
O (;5(G) = C(X) x4 G, where
o Xy ={x:G—{0,1}/x(e) =1=x(t)}, X = Xe.
o ap: Xe1 — Xpo ()]s = x(t1s)
@ (o, X) has enveloping action (3,Y): Y ={y: G — {0,1} : y # 0}
-which is a Hausdorff space- and 3 given by the same formula as «.
@ If E%(G) := C(Y) x5 G, then E*(G) "% C3(G) (Morita-Rieffel
equivalence). In fact C5(G) is a hereditary subalgebra of £7(G).
Then:

corresponds to

partial rep. v of G unital rep. p of C;(G)

dilates Iinduces

. Cov. rep. . ~
unitary rep. u of G <— (%, u) mpgslgéta%l rep. p of E*(G)
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The Morita-Rieffel equivalence C;(G) R E*(G) follows from:

Theorem (FA 2003: reduced case; FA & Laura Marti 2009: full case)

Let =(B:)tcc be a Fell bundle, £ = (Et)ie a right ideal of B, and
A = (At)tec a sub-Fell bundle of B contained in £ such that

Q A =¢.
Q@ &€ C A

Then C ,(A) is a hereditary subalgebra of C},,(B) and C*(.A) is a
hereditary subalgebra of C*(B). If, moreover, span(B; N £*E) = By,

Vt € G, then Ci (A) "5 C(B) and C*(A) "8 c*(B).

Corollary (FA 2003: reduced case; FA & L. Marti 2009: full case)

If BG x B — B is a globalization of the partial action o on A, then
A Xred.o G is a hereditary subalgebra of B Xeq 3 G, and A, G is a
hereditary subalgebra of B x5 G. If 3 is the enveloping action of o, then

Axreda G B Xreg s G and Axg G "E B x5 6.
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Dilations of certain interaction groups

An interaction group is a triple (A, G, V) where A is a unital C*-algebra,
G is a group, and V is a map from G into B(A), which satisfies:

Q V; is a positive unital map, Vt € G.
@ V is a partial representation.
@ Vi(ab) = Vi(a) Vi(b) if either a or b belongs to V,-1(A).

| A

Example
Let X be a compact Hausdorff space and 6 : X — X a surjective
continuous map. Consider the unital injective endomorphism
a: C(X) = C(X) induced by 0: a(a) = ao 0. Suppose there exists a
unital transfer operator for «, i.e., a positive linear map L : C(X) — C(X)
such that L(a(a)b) = aL(b), Va,b € C(X). Then V : Z — B(C(X))

a" n>0

such that V,, = is an interaction group.
L7 n<0
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Suppose F : B — B is a conditional expectation with range A,

B : G x B — B is an action such that F,Fs = FsF,, ¥Yr,s € G, where
Fr = B,FB,—1. If FB,F(1) =1, Vr, then V : G — B(A) such that
Vi = F3t|a is an interaction group.

Theorem

Let P be a submonoid of a group G such that G = P~1P, and let o be an
action of P by unital injective endomorphisms of the unital C*-algebra A,
and suppose V : G — B(A) is an interaction group such that V|p = «.
Then V has a minimal dilation (i, T), where T = (B,3,F) andi: A— B
is an embedding, which has the following universal property. If

(", (B', ', F")) is another dilation of V/, then there exists a unique
morphism ¢ : (B, 8, F) — (B', 8, F') such that ¢i = i’. Therefore the
dilation (i, T) is unique up to isomorphism.
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Proof

Theorem (Marcelo Laca, 2000)

There exists a C*-dynamical system (B, G, 3), unique up to isomorphism,
consisting of an action 8 of G by automorphisms of a C*-algebra B and
an embedding i : A — B such that:

Q [ dilates «, thatis, St oi =ioqy, for t in P, and
@ (B, G,B) is minimal, that is, U,cp B¢ *(i(A)) is dense in B.

v

There is a partial order in P: r <s <= s = tr, for some t € P. Suppose
r,s € P, with r <'s, and a,, as € A are such that ,-1(a,;) = Bs-1(as),
then f5,,-1(a,;) = as, so ozsrfl(a,) = as. Then:

1(35) = V 1as,_1(a,) = 1Vs,_1(a,) = V 1a5V (a,) = (a,)

Define F B — B such that F(b) = Vi-1(B¢(b)), Vb € Bi-1(A ) Suppose
t=r"1lse G, withr,s € P. We have

FBila = FBr—1B8nla = FB-10s = Vimias = V1 Vo Vo, = Vg = Vg
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Example (Exel-Renault interaction groups; 2007)

Suppose there is a cocycle for the action 6, that is, a continuous map
w: P x X — (0,1] that satisfies

o Zyeet_l(x) W(t,y) =1

@ w(rs,x) = w(r, x)u(s, 0,(x))

Q w(s, x)Wr(Cey) = w(r, x)We(Cy)
Then there is an interaction group V¥ : G — B(C(X)) such that, if
t=r"1s, r,s € P, then V¥(a) = Zyeer—l(x) w(r,y)a(0s(y)). The cocycle
can be interpreted as an inverse system of measures, whose limit is a
measure that defines the conditional expectation F.

Example (lterated function systems, G. de Castro, 2009)

YY1, - -5 Vd - X — X continuous, such that yv; = idx, Vi. If a and «;
are the endomorphisms induced by v and ~; on A := C(X), then

L£:=1 E}jzl «j is a transfer operator for . Then we have an interaction
group V : 7Z — B(A).
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Example (IFS+Exel-Renault interaction group)

When X = L-ljf-f:l vi(X) (“strong separation condition”), V is an
Exel-Renault interaction group, with cocycle w(n,y) =1/d". We may
suppose X = {1,...,d}, y(x)(j) = x(j + 1),

. i ifj=0
(X)) = {X(J. IR
Let Y :={1,...,d}*, 5:Y — Y such that 3(y)(j) = y(j + 1), and
7 : Y — X the restriction, B= C(Y), 8 : B — B the dual map of 4, and
i : A— B the dual map of w. Note that n7" = v"mw, Vn € N. Next define
i if j <0
() ifji=0
Then n7j = idx and p;i = ida, where p; is the dual map of 7;. Define
Fi,F:B— B as Fj:=ip;, and F = ‘lj 7:1 Fi. Then F is a conditional
expectation with range i(A), and F3"i = iV,, ¥n € Z.

7i : X = Y such that 7;(x)(j) =
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